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THE b-SECANT VARIETY OF A SMOOTH CURVE HAS A CODIMENSION 1
LOCALLY CLOSED SUBSET WHOSE POINTS HAVE RANK AT LEAST b+ 1
E. BALLICO
Abstract. Take a smooth, connected and non-degenerate projective curve X ⊂ Pr, r ≥ 2b+2 ≥
6, defined over an algebraically closed field with characteristic 0 and let σb(X) be the b-secant
variety of X. We prove that the X-rank of q is at least b + 1 for a non-empty codimension 1
locally closed subset of σb(X).
1. Introduction
Let X ⊂ Pr be an integral and non-degenerate projective variety defined over an algebraically
closed field. For any q ∈ X the X-rank rX(q) of X is the minimal cardinality of a set S ⊂ X such
that q ∈ 〈S〉, where 〈 〉 denotes the linear span. For any integer s > 0 let σs(X) ⊆ Pr be the s-secant
variety of X , i.e. the closure of the union of all linear spaces 〈S〉 with S ⊂ X and ♯(S) = s. See
[12] for many applications of X-ranks (e.g. the tensor rank) and secant varieties (a.k.a. the border
rank). The algebraic set σs(X) is an integral projective variety of dimension ≤ s(1 + dimX)− 1
and σs(X) is said to be non-defective if it has dimension min{r, s(1 + dimX) − 1}. Every secant
variety of a curve is non-defective ([1, Corollary 1.4]). Let τ(X) ⊆ Pr be the tangential variety
of X , i.e. the closure in Pr of the union of all tangent spaces TpX , p ∈ Xreg. The algebraic set
τ(X) is an integral projective variety of dimension ≤ 2(dimX) and τ(X) ⊆ σ2(X). For any integer
b ≥ 2 let τ(X, b) denote the join of one copy of τ(X) and b− 2 copies of X . If X is a curve, then
dim τ(X, b) = min{r, 2b−2} (use b−2 times [1, part 2) of Proposition 1.3] and that dim τ(X) = 2)
and hence τ(X, b) is a non-empty codimension 1 subset of σb(X) if X is a curve and r > 2b. For
a projective variety X of arbitrary dimensional usually τ(X, b) is a hypersurface of σb(X), but
this is not always true. For instance, if σb(X) has not the expected dimension one expects that
τ(X, b) = σb(X) and this is the case if X is smooth ([6, Corollary 4]).
Question 1.1. Assume b ≥ 2, r ≥ b(1+dimX)−2, and that σb(X) has the expected dimension. Is
rX(q) > b for a non-empty locally closed subset of σb(X) of codimension 1 in σb(X)? Is rX(q) > b
for a general point of τ(X, b)?
In this note we prove the following result.
Theorem 1.2. Fix an integer b ≥ 2 and let X ⊂ Pr, r ≥ 2b + 2, be an smooth, connected and
non-degenerate projective curve defined over an algebraically closed field with characteristic 0. Let
q be a general element of τ(X, b). Then rX(q) > b.
From Theorem 1.2 we easily get the following result.
Corollary 1.3. Take b and X as in Theorem 1.2. Then there is a quasi-projective variety J ⊂
σb(X) such that dim J = dimσb(X)− 1 and rX(q) > b for all q ∈ J .
Let X ⊂ Pr, r ≥ 3, be an integral and non-degenerate projective curve. X is said to be
tangentially degenerate if a general tangent line of Xreg meets X at another point of X . H. Kaji
proved that in characteristic 0 a non-degenerate smooth projective curve or a projective curve
for which the normalization map C → X ⊂ Pr is unramified is not tangentially degenerate ([10,
Theorem 3.1 and Remark 3.8]). M. Bolognesi and G. Pirola extended this result to curves with
toric singularities ([4]). A. Terracini gave an example of a tangentially degenerate analytic curve
in C3 ([17, page 143]). In positive characteristic there are many examples of non-strange curves,
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which are tangentially degenerate ([10, Examples 4.1 and 4.2], [5, §5], [7, Example 3], [14, Example
at page 137]). See [11] for further results on this topic.
If for a general p ∈ Xreg the tangent space TpX is the 2-secant variety of the reduced projective
set (X ∩ TpX)red, then a general q ∈ τ(X) has X-rank 2 and hence for every integer b ≥ 2 the
X-rank of a general element of τ(X, b) is at most b.
In Question 1.1 we exclude the case r = b(1+dimX)−1, because in this case usually the answer
would be NO (see e.g. [15] for the case of space curves). Usually NO, but in a few cases YES,
as for instance when r = 2b− 1 and X is a rational normal curve by a theorem of Sylvester’s ([2,
Theorem 23], [3], [9, §1.3], [13, §4]).
Many thanks to a referee for important remarks and corrections.
2. The proof of Theorem 1.2
We work over an algebraically closed field with characteristic 0. Our main reason to require
in Theorem 1.2 both characteristic zero and that the curve is smooth is that [8] requires both
assumptions. Of course, in positive characteristic and/or for singular curves we also need to
assume (at the very least) that X is not tangentially degenerate (Remark 2.3).
Let X be an integral projective curve defined over an algebraically closed field with characteristic
0. For any integer b ≥ 2 let Z(X, b) denote the set of all zero-dimensional schemes Z ⊂ X with
deg(Z) = b, b− 1 connected components and with the degree 2 connected component, v, of Z with
vred ∈ Xreg (any such v is called a tangent vector of Xreg).
Lemma 2.1. Let X ⊂ Pr, r ≥ 4, be an integral and non-degenerate projective curve. For any
o ∈ X let X [o] ⊂ Pr−1 denote the closure of ℓo(X \ {o}) in Pr−1, where ℓo : Pr \ {o} → Pr−1 is
the linear projection from o. We have rX(q) > 2 for a general q ∈ τ(X) if X [a] is not tangentially
degenerate for a general a ∈ X.
Proof. Since X [a] is not tangentially degenerate for a general a ∈ X , X is not tangentially degen-
erate. Take a general v ∈ Z(X, 2) and set {p} := vred and L := 〈v〉. Assume that for a general
o ∈ L there is So ⊂ X with ♯(So) ≤ 2 and o ∈ 〈So〉. Since L ∩ X is finite, we have ♯(So) = 2
for a general o ∈ L. Write So = {p1(o), p2(o)}. Since X is not tangentially degenerate, we have
L 6= 〈So〉. For a general o ∈ L the point p1(o) is general in X . Hence X [p1(o)] is a general inner
projection of X . More precisely, for a general (p, o) the pair (p, p1(o)) is general in X
2 and in
particular p 6= p1(o). Since (p, p1(o)) is general in X2, ℓp1(o)(p) is a general point point of X [p1(o)]
and in particular X [p1(o)] is smooth at ℓp1(o)(p). By construction ℓp1(o)(p2(o)) is contained in
the tangent line of X [p1(o)] at ℓp1(o)(p). Since 〈So〉 6= L, we have ℓp1(o)(p2(o)) 6= ℓp1(o)(p) and so
X [p1(o)] is tangentially degenerate, a contradiction. 
Remark 2.2. Let Y ⊂ Pm, m ≥ 4, be an integral and non-degenerate projective curve. Fix an
integer s such that 1 ≤ s ≤ m−3 and a general (p1, . . . , ps) ∈ Y s. Set V := 〈{p1, . . . , ps}〉. Since Y
is non-degenerate, we have dimV = s− 1. The trisecant lemma implies that Y ∩ V = {p1, . . . , ps}
(as schemes) and that the linear projection ℓV : Pm \ V → Pm−s maps Y \ Y ∩ V birationally onto
its image.
Remark 2.3. Assume r ≥ 2b ≥ 6 and fix a general q ∈ τ(X, b) and a general o ∈ τ(X). We
claim that rX(q) ≤ b− 2 + rX(o). Indeed, by the definition of join we have q ∈ 〈Z〉, where Z is a
general element of Z(X, b). Write Z = v ∪ {p1, . . . , pb−2} with (v, p1, . . . , pb−2) a general element
of Z(X, 2) × Xb−2. Set V := 〈Z〉, L := 〈v〉, and {p} := vred. Since v is general in Z(X, 2), a
general element of 〈v〉 is general in τ(X) and hence it has rank rX(o). Thus q has rank at most
rX(o) + b− 2. Thus Theorem 1.2 cannot be extended to tangentially degenerate curves.
Lemma 2.4. Let C ⊂ Pr , r ≥ 4, be a smooth, connected and non-degenerate projective curve.
Fix a general (p1, p2) ∈ C2 and let v = 2p1 denote the degree 2 connected effective divisor of C
with p1 as its reduction. Then dim〈v ∪ {p2}〉 = 2 and C ∩ 〈v ∪ {p2}〉 = v ∪ {p2} as schemes.
Proof. We have dim〈v ∪ {p2}〉 = 2, because C is non-degenerate. Let 3p1 ⊂ C be the degree 3
effective connected divisor with p1 as its support. Since we are in characteristic 0, a general point
of C is not a hyperosculating point and so dim〈3p1〉 = 2 and 〈3p1〉 ∩ C does not contains p1 with
multiplicity > 3. We degenerate v ∪ {p2} to the effective divisor 3p1 and apply [8, Theorem 1.9] to
3p1. 
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Lemma 2.5. Let X ⊆ Pr,r ≥ 4, be a smooth, irreducible and non-degenerate projective curve.
For any o ∈ X let ℓo : Pr \ {o} → Pr−1 be the linear projection from o. Call X [o] the closure of
ℓo(X \ {o}) in Pr−1. Then:
(1) X is not tangentially degenerate and for a general o ∈ X the curve X [o] is not tangentially
degenerate.
(2) Let L ⊂ Pr be the tangent line of X at a general point of X. Let ℓL : Pr \L→ Pr−2 denote
the linear projection from L. Then ℓL|X\X∩L is birational onto its image.
(3) rX(q) > 2 for a general q ∈ τ(X).
Proof. X is not tangentially degenerate by [10, Theorem 3.1]. Fix a general (o, p) ∈ X2 and set
p′ = ℓo(p). We have ℓo(TpX) = Tp′X [o]. The set Σ := X [o] \ ℓo(X \ {o}) is finite (it is a single
point, the point ℓo(ToX \{o}), but we only need that it is finite). Assume the existence of q ∈ X [o]
with q 6= p′ and q ∈ Tp′X [o]. Since we are in characteristic zero, X [o] is not strange. Hence for a
general p′ ∈ X [o] we may assume that Tp′X [o]∩Σ = ∅. Thus there is q′ ∈ X \ {o} with ℓo(q′) = q.
By construction 〈{o, q′} ∪ TpX〉 is a plane. Note that (p, o) are general in X2. Thus the existence
of q′ contradicts Lemma 2.4.
Part (3) follows from the second assertion of part (1) and Lemma 2.1.
Now we prove part (2). Assume that ℓL|X\L∩X is not birational onto its image and call x ≥ 2
its degree. Fix a general q ∈ X . The plane 〈{q, L}〉 contains x− 1 other points of X , contradicting
Lemma 2.4. 
Lemma 2.6. Fix an integer b ≥ 2. Let X ⊂ Pr, r ≥ 2b, be a smooth and connected projective
variety. Take a general Z ∈ Z(X, b) and set V := 〈Z〉. Then dim V = b − 1 and the linear
projection ℓV : Pr \ V → Pr−b induces a birational map of X.
Proof. Since X is non-degenerate, we have dimV = b − 1. Write Z = v ∪ {p1, . . . , pb−2} with v
connected of degree 2. Set L := 〈v〉. If b = 2, the lemma is part (2) of Lemma 2.5. Now assume
b > 2. Let ℓL : Pr \L→ Pr−2 denote the linear projection from L and Y ⊂ Pr−2 the closure of the
image of ℓL(X \X ∩ L) in Pr−2. Since Z is general, pi /∈ L for all i and (ℓL(p1), . . . , ℓL(pb−2)) is
general in Y b−2. Apply Remark 2.2 to Y . 
Proof of Theorem 1.2: Since the case b = 2 is true by part (3) of Lemma 2.5, we may assume
b > 2 and use induction on b. Fix a general q ∈ τ(X, b). Since dimσb−1(X) < dim τ(X, b), we have
rX(q) ≥ b. By the definition of join we have q ∈ 〈Z〉, where Z is a general element of Z(X, b). Write
Z = v ∪ {p1, . . . , pb−2} with (v, p1, . . . , pb−2) a general element of Z(X, 2)×Xb−2. Set V := 〈Z〉,
L := 〈v〉, and {p} := vred. Since v is general in Z(X, 2), a general element of 〈v〉 is general in τ(X)
and hence it has rank > 2. Since p1, . . . , pb−2 are general, we have dimV = b − 1. Assume that
for a general q ∈ V there is a finite set Sq ⊂ X with ♯(Sq) = b and q ∈ 〈Sq〉. Since rX(q) ≥ b,
Sq is linearly independent. Set L := 〈v〉 and {p} := vred. Since X is not tangentially degenerate
([10, Theorem 3.1]) and p is general, we have (X ∩ L)red = {p}. Since a general osculating space
of X is not a hyperosculating one, we have X ∩ L = v as schemes. Since q ∈ V ∩ 〈Sq〉, we have
ρ := dim V ∩〈Sq〉 ≥ 0. Let ℓV : Pr \V → Pr−b denote the linear projection from V . Let W ⊂ Pr−b
be the closure of ℓV (X \X ∩ V ) in Pr−b.
Claim 1: (V ∩X)red = {p, p1, . . . , pb−2} and V ∩X = Z (as schemes).
Proof of Claim 1: By Lemma 2.6 ℓV |X\X∩V is birational onto its image. Since (p1, . . . , pb−2)
is general in Xb−2, we have L∩ {p1, . . . , pb−2} = ∅ and (ℓV (p1), . . . , ℓV (pb−2)) is a general element
of W b−2. By Remark 2.2, the fact that X ∩ L = v as schemes and the birationality of ℓV |X\X∩V
we have V ∩X = Z (as schemes).
Claim 2: V * 〈Sq〉.
Proof of Claim 2: We have dim〈Sq〉 = dimV and ♯(V ∩X)red = b− 1 by Claim 1.
By Claim 2 we have ρ ≤ b− 2. Any covering family of ρ-dimensional linear subspaces of V has
dimension at least b − 1 − ρ. Thus any family {Sq}q∈T with ∪q∈T (V ∩ 〈Sq〉}) covering a dense
subset of V has dimension at least b− 1− ρ.
(a) Assume Sq ∩ {p, p1, . . . , pb−2} = ∅. We have dim〈ℓV (Sb)〉 = b − 2 − ρ. Taking a ramified
covering of the parameter space T we may take S′q ⊂ Sq with ♯(S
′
q) = b− 1− ρ and ℓV (S
′
q) linearly
independent. Thus a general A ∈ W b−1−ρ has the property that 〈A〉 contains 1 + ρ points of W
(if A = ℓV (Sq) for a general q ∈ T , use the set ℓV (Sq \ S′q)). This is false by Remark 2.2.
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(b) Assume Sq ∩ {p1, . . . , pb−2} 6= ∅, say pb−2 ∈ Sq. Since q 6= pb−2, 〈v ∪ {p1, . . . , pb−3}〉 ∩
〈Sq \ {pb−2}〉 6= ∅. Fix a general q
′ ∈ 〈v ∪ {p1, . . . , pb−3}〉 ∩ 〈Sq \ {pb−2}〉. Since q is general in V ,
q′ is general in 〈v ∪ {p1, . . . , pb−3}〉. The set Sq \ {pb−2} shows that rX(q′) ≤ b − 1, contradicting
the inductive assumption.
(c) Assume p ∈ Sq. Since q 6= p, we have ρ := dimV ∩ 〈Sq〉 > 0. By step (b) we may assume
that Sq ∩ {p1, . . . , pb−2} = ∅. Hence ℓV (Sq \ {p}) is a well-defined subset of W with cardinality
b−1 and spanning a linear subspace of dimension b−2−ρ. We take Aq ⊂ Sq \{p} with cardinality
b − 1 − ρ and with 〈ℓV (Aq)〉 = 〈ℓV (Sq \ {p})〉. As in step (a) we may view ℓV (Aq) as a general
subset of W with cardinality b − 1 − ρ, while its linear span contains ℓV (Sq \ {p}), contradicting
Remark 2.2. 
Remark 2.7. Assume characteristic 0. If no integral and non-degenerate curve in Pr is tangentially
degenerate, then the proofs just given show that Theorem 1.2 holds also for singular curves.
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